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1 Introduction
The term fractal was first introduced by Mandelbrot [7] to denote sets with highly
irregular structures. The fractal methods has been used to physics, computer sciences,
finance in the past 30 years. In recent years, it even used to study the biological problems
(such as [8, 14, 15, 17, 18]). In order to get a general aspect of the mathematical study of
fractal geometry, one can refer to the book of Falconer [1]. In this paper, we denote Rn
the n-dimensional Euclidean space, N the set of natural numbers.
For given finite contractive similarities {Sj(x) = ρjRjx+bj}mj=1 of Rn, where 0 < ρj <
1, bj ∈ Rn, Rj orthogonal, Hutchinson [4] proved that there exists unique compact set E
satisfying
E = ∪mj=1Sj(E).
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E is called self-similar set. If there exists an open set U satisfying Sj(U) ⊂ U and
Sk(U)∩Sj(U) = ∅ (k 6= j), we call that {Sj}mj=1 satisfy open set condition. He also proved
[4] that for given probability vector P = (a1, a2, · · · , am) satisfying ∑mj=1 aj = 1, there
exists unique probability measure µ on Rn satisfying
µ(·) =
m∑
j=1
ajµ(S
−1
j (·)) (1)
and the support of µ is E. µ is called self-similar measure and {aj}mj=1 is called weights
of µ. One of the extension of open set condition in the study of fractal theory is the weak
separation condition (see Ref.[5] for deterministic case and Ref.[16] for random case).
Strichartz [9-13], Lau and Wang [6] have done much study on Fourier analysis of
self-similar measure.
Strichartz [10] obtained that
Theorem A ([10]) Assume the open set condition, ρj = ρ for all j ∈ {1, 2, · · · ,m}
and the rotationsRj are either all equal or generate a finite group, µ is self-similar measure,
and µ̂(x) is the Fourier transform of µ, then
sup
R
1
Rn−β
∫
|x|≤R
|µ̂(x)|2dx ≤ d1,
where d1 is a positive constant and β is defined by ρ
β =
∑m
j=1 a
2
j .
Theorem B ([10]) Assume the open set condition, ρj = 1/r for all j ∈ {1, 2, · · · ,m},
where r ≥ 2 be integer, and rbj are integers, µ is self-similar measure, and µ̂(x) is the
Fourier transform of µ, then
inf
R
1
Rn−β
∫
|x|≤R
|µ̂(x)|2dx ≥ d2,
where d2 is a positive constant and β is defined same as Theorem A.
Let µ be a σ-finite measure on Rn, for 0 ≤ β ≤ n, let
Vβ(t;µ) =
1
tn+β
∫
Rn
|µ(Bt(x))|2dx,
where Bt(x) is the ball of radius t, centred at x. We will call lim supt−→0 Vβ(t;µ) the upper
β-mean quadratic variation (m.q.v.) of µ, and simply call it β-m.q.v. if the limit exists.
The m.q.v. index s is defined by
s = inf{β : lim sup
t−→0
Vβ(t;µ) > 0}
= sup{β : lim sup
t−→0
Vβ(t;µ) <∞}
If µ is a self-similar measure on Rn, Lau and Wang [6] obtained
Theorem C([6]) Suppose that {Sj}mj=1 satisfy the open set condition with respect
to an open set U , and suppose that µ is a self-similar measure with µ(∂Uk ∩ ∂Uj) = 0 for
all k 6= j, then
0 < inf
0<t<1
Vβ(t;µ) ≤ sup
0<t<1
Vβ(t;µ) <∞,
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where β is defined by
∑m
j=1 a
2
jρ
−β
j = 1. In particular the m.q.v. index of µ is β.
In the proofs of the above Theorems, the authors used formula (1) of self-similar
measure. In this paper we want to extend the above Theorems to the case of Bernoulli
convolution on homogeneous Cantor set [2]. Now we do not have formula (1) in this case.
2 Homogeneous Cantor set and Bernoulli convolu-
tion.
Homogeneous Cantor sets [2] are a class of important fractal sets different from self-
similar sets. Suppose I = [0, 1], let {nk}k≥1 be a sequence of positive integers, and
{ck}k≥1 be a real number sequence satisfying nk ≥ 2, 0 < nkck ≤ 1 (k ≥ 1). Let E be the
homogeneous Cantor set determined by {nk}k≥1 and {ck}k≥1.
We always assume nk = m, mck < 1 for all k ≥ 1 in this paper. We use F1, F2, · · · , Fm
to denote the m 1-ordered basic intervals from left to right. We use J = (j1, j2, · · · , jk)
to denote the multi-index, |J | = k its length, and Λ the set of all such multi-indices,
where jl ∈ {1, 2, · · · ,m}, l = 1, 2, · · · , k and k ∈ N. Define Jk = {J = (j1, j2, · · · , jk) :
1 ≤ j1, j2, · · · , jk ≤ m}. We also use Fj1j2···jk1, Fj1j2···jk2, · · · , Fj1j2···jkm to denote the m
(k+1)-ordered basic intervals which are subintervals of any k-ordered basic interval from
left to right. Then
Ek = ∪1≤j1,j2,···,jk≤mFj1j2···jk , E = ∩k≥0Ek.
In this paper we only consider the homogeneous Cantor set satisfies:
Condition: There exist constants 0 < M1 ≤M2 <∞ and 0 < ρ < 1 such that
M1 ≤ c1c2 · · · cN
ρN
≤M2 (2)
holds for all positive integer N .
Example. Given Fibonacci sequence {sk}∞j=1 where sk ∈ {a, b}. We let ck = 1/3 when
sk = a, and ck = 1/4 when sk = b. Let m = 2, E be the homogeneous set determined by
{ck}k≥1. In this case, we can choose ρ = (1/3)λ(1/4)1−λ where λ = (
√
5− 1)/2. From the
property of Fibonacci, we have
−(1 + λ) ≤ (1− λ)N −Nb ≤ 1 + λ
−3(1− λ) ≤ λN −Na ≤ 3(1− λ)
for all N , where Na and Nb are the number of letter a and b in string s1s2 · · · sN . If we
take M2 = 3
3(1−λ)41+λ and M1 = 1/M2, then condition (2) holds.
Denote rk =
c1···ck−1(1−ck)
m−1 . Let {Xk}k≥1 be a sequence of random variables, Xk takes
values (j − 1)rk (j = 1, 2, · · · ,m) with probability aj satisfying ∑mj=1 aj = 1. Let
SN =
N∑
k=1
Xk.
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It is easy to see SN only takes values of all left endpoints of N -ordered basic intervals. Let
µN be the probability measure induced by SN , it means that µN(A) = Prob(SN ∈ A) for
any measurable set A. When N −→ ∞, µN weakly converges to a probability measure
µ on E. We call µ the Bernoulli convolution on homogeneous Cantor set E. Garsia [3]
discussed the case of Cantor set.
If we denote νk be the probability measure induced by Xk. Then
ν̂k(x) =
∫
eitxdνk(x) =
m∑
j=1
aje
i(j−1)rkx,
µ̂(x) =
∞∏
k=1
ν̂k(x) =
∞∏
k=1
[
m∑
j=1
aje
i(j−1)rkx], (3)
µ̂N(x) =
N∏
k=1
ν̂k(x) =
N∏
k=1
[
m∑
j=1
aje
i(j−1)rkx] =
∑
J∈JN
aJe
ibJx, (4)
where bJ is the left endpoint of FJ .
3 Average of Fourier transform of Bernoulli convo-
lution.
We define β by
ρβ =
m∑
j=1
a2j . (5)
Since 0 <
∑m
j=1 a
2
j < 1, 0 < ρ < 1, hence β ≥ 0. We also have β ≤ 1. Otherwise, if β > 1,
then ρβ < ρ. Since mck < 1 for all k, hence m
kc1c2 · · · ck < 1, then M1mkρk < 1. We
have ln(M1)/k + ln(mρ) < 0, hence we have mρ ≤ 1 if we take limit k −→∞. Hence
1 =
m∑
j=1
aj =
m∑
j=1
(ajρ
−β/2)ρβ/2 ≤ (
m∑
j=1
a2jρ
−β)1/2(mρβ)1/2 = (mρβ)1/2 < (mρ)1/2 ≤ 1.
This is a contradiction. Hence 0 ≤ β ≤ 1.
Remark 1: If we take aj =
1
m
, j = 1, 2, · · · ,m, from (5), ρβ = 1
m
, hence β = − lnm
ln ρ
.
From Ref.[2], it equals to the Hausdorff dimension of the homogeneous Cantor set E.
In this section, we want to prove the averages such as
H(R) =
1
R1−β
∫
|x|≤R
|µ̂(x)|2dx
also bounded above and below, where µ̂(x) is the Fourier transform of µ. First we discuss
the upper bound of H(R).
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Theorem 1 Let µ be Bernoulli convolution on homogeneous Cantor set with nk =
m,mck < 1, and condition (2) holds, then
sup
R
1
R1−β
∫
|x|≤R
|µ̂(x)|2dx ≤ d <∞
for some positive constant d, where β satisfies (5).
Proof. It suffices to show ∫
|x|≤ρ−N
|µ̂(x)|2dx ≤ dρN(β−1) (6)
for all positive integer N . Since
|ν̂k(x)| = |
m∑
j=1
aje
i(j−1)rkx| ≤
m∑
j=1
aj = 1, (7)
hence for all N ≥ 1,
|µ̂(x)| ≤ |µ̂N(x)| = |
∑
J∈JN
aJe
ibJx|. (8)
For J, J ′ ∈ JN , J 6= J ′, we have
|bJ − bJ ′| ≥ c1c2 · · · cN ≥M1ρN . (9)
ForM1, from the proof of Theorem 3.1 of Ref.[10], after d1 and d2 are chosen appropriately,
we can construct a function h(x) with the following properties: i) h ≥ 0. ii) h ≥ d1 in
|x| ≤ d2. iii) ĥ(0) = 1 and iv) ĥ(ξ) = 0 in |ξ| ≥M1. Hence∫
|x|≤d2ρ−N
|µ̂(x)|2dx ≤ d−11
∫
|x|≤d2ρ−N
h(ρNx)|µ̂(x)|2dx
≤ d−11 ρ−N
∫
R
ρNh(ρNx)|µ̂(x)|2dx
≤ d−11 ρ−N
∫
R
ρNh(ρNx)| ∑
J∈JN
aJe
ibJx|2dx (from (8))
= d−11 ρ
−N ∑
J∈JN
∑
J ′∈JN
aJ a¯J ′ĥ(ρ
−N(bJ − bJ ′))
= d−11 ρ
−N ∑
J∈JN
|aJ |2 (From (9) and iv))
= d−11 ρ
−NρβN = d−11 ρ
N(β−1),
which implice (6).
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In order to obtain the bound below, we must the following Lemma.
Lemma 1 Let µ be Bernoulli convolution on homogeneous Cantor set with nk =
m,mck < 1, and condition (2) holds, then |∏∞k=N+1(∑mj=1 ajei((j−1)rkx/(c1c2···cN )))| is bounded
away from zero on D = {x : |x| ≤ M1
(M2+δ)
pi}, where δ can be any positive small positive
constant.
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Proof. We have
Ree−iλx(
m∑
j=1
aje
i((j−1)rkx/(c1c2···cN ))) =
m∑
j=1
aj cos(
(j − 1)rk
c1c2 · · · cN − λ)x.
Since for k ≥ N + 1,
0 ≤ (j − 1)rk
c1c2 · · · cN ≤
c1c2 · · · ck−1(1− ck)
c1c2 · · · cN ≤
M2ρ
k−N−1
M1
,
we choose λ = M2ρ
k−N−1
2M1
so
|
m∑
j=1
aje
i((j−1)rkx/(c1c2···cN ))| = |e−iλx(
m∑
j=1
aje
i((j−1)rkx/(c1c2···cN )))|
≥ Re[e−iλx(
m∑
j=1
aje
i((j−1)rkx/(c1c2···cN )))] =
m∑
j=1
aj cos(
(j − 1)rk
c1c2 · · · cN − λ)x
≥
m∑
j=1
aj cos
M2ρ
k−N−1
2(M2 + δ)
pi = cos
M2ρ
k−N−1
2(M2 + δ)
pi
on |x| ≤ M1
(M2+δ)
pi. Hence
|
∞∏
k=N+1
(
m∑
j=1
aje
i((j−1)rkx/(c1c2···cN )))| ≥
∞∏
k=N+1
cos
M2ρ
k−N−1
2(M2 + δ)
pi
=
∞∏
k=0
cos
M2
2(M2 + δ)
ρkpi
on |x| ≤ M1
(M2+δ)
pi, which gives the desired estimate, since the product converges to a
positive value d.
2
Denote DN = {x : |x| ≤ (c1 · · · cN)−1 M1(M2+δ)pi}. Now we have
Theorem 2 Let µ be Bernoulli convolution on homogeneous Cantor set with nk =
m,mck < 1, and condition (2) holds and if
bJ
c1···cN is integer for all positive integer N and
J ∈ JN , then
inf
R
1
R1−β
∫
|x|≤R
|µ̂(x)|2dx ≥ d2 > 0
for some positive constant d2, where β satisfies (5).
Proof. It is suffices to show ∫
DN
|µ̂(x)|2dx ≥ d2ρn(β−1) (10)
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for all N . Because bJ
c1···cN is integer for all positive integer N and J ∈ JN , one can find
that
∑
J∈JN aJe
i
bJ
c1···cN x is a trigonometric polynomial, hence
| ∑
J∈JN
aJe
i
bJ
c1···cN x|2 = ∑
J∈JN
a2J . (11)
Hence ∫
DN
|µ̂(x)|2dx = (c1 · · · cN)−1
∫
|x|≤ M1
(M2+δ)
pi
|µ̂( x
c1 · · · cN )|
2dx
= (c1 · · · cN)−1
∫
D
|
N∏
k=1
(
m∑
j=1
aje
i
(j−1)rkx
c1c2···cN )|2|
∞∏
k=N+1
(
m∑
j=1
aje
i
(j−1)rkx
c1c2···cN )|2dx
= d(c1 · · · cN)−1
∫
D
| ∑
J∈JN
aJe
i
bJ
c1···cN x|2dx (From Lemma 1)
= d(c1 · · · cN)−1
∫
D
∑
J∈JN
a2Jdx (From (11))
≥ dM1pi
(M2 + δ)
ρ−N
M2
ρβN =
M1
M2(M2 + δ)
dpiρN(β−1)
which implice (10).
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Remark 2: If all ck = 1/lk, lk is positive integer and lk ≥ 2, m = 2, then bJc1···cN is
integer for all positive integer N and J ∈ JN . First b1 = 0, b2 = 1 − c1, it is obvious
that 0 and 1/c1 − 1 are integers. Now we assume bJ ′/(c1 · · · ck−1) is an integer for any
J ′ ∈ Jk−1. Since for any J ∈ Jk, bJ is equal to either bJ ′ or bJ ′ + c1 · · · ck−1(1 − ck).
For the first case, bJ/(c1 · · · ck) = lk(bJ ′/(c1 · · · ck−1)) is an integer. For the second case,
bJ/(c1 · · · ck) = lk(bJ ′/(c1 · · · ck−1)) + lk − 1 is also an integer.
It is a problem to obtain the lower bound of H(R) without condition bJ
c1···cN is integer
for all positive integer N and J ∈ JN . In the case of all aj = 1/m, then from Ref.[2] we
know µ satisfies µ(Br(x)) ≤ crβ for r ≤ 1 and all x. If there is ² > 0 such that
lim inf
r→0(2r)
−βHβ(E ∩Br(x)) > ²
on E. Then from the fractal Plancherel theorem of Ref.[13], we have
lim inf
R→∞
H(R) ≥ cHβ(E),
where Hβ(E) is the β-dimensional Hausdorff measure of E. Hence if 0 < Hβ(E) < ∞,
we can also obtain the lower bound of H(R).
4 Mean quadratic variations of Bernoulli convolu-
tions.
In our case Rn = R, hence n = 1, and Bt(x) is a interval with length 2t, centred x.
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For any 0 < t < 1, let Λt = {J = (j1, j2, · · · , jNt) : c1 · · · cNt ≤ t < c1 · · · cjNt−1} and
aJ = aj1aj2 · · · ajNt . Now we have
Theorem 3 Let µ be Bernoulli convolution on homogeneous Cantor set with nk =
m, ckm < 1 for all k ≥ 1, and condition (2) holds, then
0 < d1 ≤ inf
0<t<1
Vβ(t;µ) ≤ sup
0<t<1
Vβ(t;µ) ≤ d2 <∞ (12)
for two positive constants d1 and d2, where β defined by (5). In particular the m.q.v.
index of µ is β.
Proof. If β = 0, then aj = 1 for some j, and al = 0 if l 6= j, so µ is a point mass measure
and Vβ(t;µ) = c 6= 0. Hence (12) holds.
Now we assume 0 < β ≤ 1 and let L be the 1-dimensional Lebesgue measure. For any
ξ, η ∈ FJ , J ∈ Λt, we have Bt(ξ) ∩Bt(η) contains a interval with length t. Hence
Vβ(t;µ) =
1
t1+β
∫
|µ(Bt(x))|2dx
=
1
t1+β
∫
[
∫ ∫
χBt(ξ)(x)χBt(η)(x)dµ(ξ)dµ(η)]dx
=
1
t1+β
∫ ∫ ∫
χBt(ξ)(x)χBt(η)(x)dxdµ(ξ)dµ(η)
=
1
t1+β
∫ ∫
L(Bt(ξ) ∩Bt(η))dµ(ξ)dµ(η)
≥ 1
t1+β
∑
J∈Λt
∫ ∫
ξ,η∈FJ
L(Bt(ξ) ∩Bt(η))dµ(ξ)dµ(η)
≥ 1
tβ
∑
J∈Λt
∫ ∫
ξ,η∈FJ
dµ(ξ)dµ(η) =
1
tβ
∑
J∈Λt
a2J =
ρNtβ
tβ
≥ ( ρ
Nt−1
c1 · · · cNt−1
)βρβ ≥ ρ
β
Mβ2
= d1 > 0
Denote Λ(t, J) = {J ′ ∈ Λt : d(FJ , FJ ′) ≤ 2t}. Similar to proof of Lemma 2.9 of Ref.[6],
one can easily prove Λ(t, J) can have at most K members, where K is a positive integer
which is independent of t and J . From Lemma 3.1 of Ref.[6], we have
Vβ(t;µ) ≤ c
′
2
tβ
∫ ∫
|ξ−η|≤2t
dµ(ξ)dµ(η)
=
c′2
tβ
∑
J∈Λt
∫
ξ∈FJ
∫
η∈R
χ{|ξ−η|≤2t}dµ(ξ)dµ(η)
≤ c
′
2
tβ
∑
J∈Λt
J ′∈Λ(t,J)
∫ ∫
ξ∈FJ ,η∈FJ′
dµ(ξ)dµ(η)
≤ c
′
2
tβ
∑
J∈Λt
d(FJ ,FJ′ )≤2t
aJaJ ′ ≤ c
′
2
2tβ
∑
J∈Λt
d(FJ ,FJ′ )≤2t
(a2J + a
2
j′)
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≤ c
′
2
2tβ
(
∑
J∈Λt
∑
J ′∈Λ(t,J)
a2J +
∑
J ′∈Λt
∑
J∈Λ(t,J ′)
a2J ′) ≤
c′2K
tβ
∑
J∈Λt
a2J
=
c′2K
tβ
(ρNt)β ≤ c′2K(
ρNt
c1 · · · cNt
)β ≤ c′2K(1/M1)β = d2 <∞
2
Remark 3: Since the m.q.v. index of µ is β, from Ref.[6], if limR→∞H(R) exists,
then limt→0 Vβ(t;µ) exists, and reverse is also true. Hence β is the critical value of H(R)
from 0 to ∞.
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